We present a general and, in the limit, exact approach to compute the time-domain response for finite-length RC lines under ramp input, by summing distinct diffusions starting at either end of the line. We also obtain analytical expressions for the finite time-domain voltage response for an open-ended finite RC line and for a finite RC line with capacitive load. Delay estimates using our new method are very close to SPICEcomputed delays. Finally, we present a general recursive equation for computing the higher-order diffusion components due to reflections at the source and load ends. Future work extends our method to response computations in general interconnection trees by modeling both reflection and transmission coefficients at discontinuities.
Introduction
Estimating delays on VLSI interconnects is a key element in timing verification, gate-level simulation and performance-driven layout design. Because of their highly resistive nature, interconnects are generally modeled as distributed RC lines. The analysis of finite RC transmission lines with step input is widely discussed in the literature, e.g., [2O, I, 191 .
The standard approach is to first calculate the transfer function; then, by approximating the transfer function both transform-domain and timedomain responses are obtained for different configurations of the finite K l i n e with step input. Using different approaches to invert the Laplace transform of the response, [16, 12, 13, 181 have all obtained the exact time-domain response for a finite-length open-endedRC line. The most recent of these works, by Rao [ 181, also extends the traditional transformdomain analysis to calculate the time-domain response for a finite RC line with capacitive load impedance. A direct solution of the open-ended finite RC line response, i.e., directly in the time-domain as an infinite series, was first given by Kaufman and Garrett [IO] . Kahng and Muddu [12, 131 calculated the time-domain response in a finite distributed RC line with source and load impedances; the total response was shown to be equal to an infinite sum of diffusion equation solutions with each diffusion starting at either the source or load end of the line.
None of these previous works gives an understanding of the interconnectresponse when the input signal has nonzero transition time. It is more reasonable to model the input signal from driver to interconnect as a finite ramp. Figure 1 shows the substantial difference in the response for step versus ramp input. Kaupp [9] analyzed RC interconnections under finite ramp input by assuming infinitely long transmission lines. Extending this work, [3] approximated the transfer function of a semiinfinite line using a linear function, and proposed a model for RC lines under ramp input. Recently, [ 171 proposed a methodology for RC interconnect synthesis under ramp input using the first few moments of the transfer function. However, no analytical solution for the time-domain 'This work was supported by NSF Young Investigator Award MIP-9257982.
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We provide a general approach to compute the time-domain response for finite RC lines by summing distinct diffusions which each start a t an end of the line and can be viewed as traveling either forward or backward along the line in analogy with reflections. In the limit, this approach is exact; only a few reflections are needed to achieve accurate response computations. 
The diffusion equation for step input has a boundary condition that i: constant with respect to time. For a ramp input this boundary conditior is a function of time, so it is difficult to derive the solution in the samc way as for a step input. However, differentiating the diffusion equatior in time and using the variable w(x,t) = w, we again obtain a diffu- We wish to calculate the response for a finite RC line under finite ramp input. We will first solve the abovediffusion equation for the s e dinfinite line, then represent the total voltage responseon the finite line as the sum of incident and reflected dzfision components. The initial and boundary conditions for the semi-infinite line under finite ramp input (see Figure 3) are IC:
where TR is the rise-time of the finite ramp input and U ( t ) denotes the step function. We will also consider an infinite ramp input since any finite ramp can be expressed as the sum of two shifted infinite ramps (see Figure 3) ; the time-domain response for a finite ramp can be derived from the infinite ramp response by a change of time variable. Using u(x, t ) to represent the response for an infinite ramp input, the diffusion equation and new boundary conditions are:' 'In the transform and time domains, we respectively use U(x,s) and u ( x , f ) to indicate the response for the infinite ramp input, and V ( x , s ) and v ( x , f ) to indicate the response for the finite ramp input. wherex is the position at which the responseis calculated, and b = a = x&. From this, the incident dzfision componentuc(x, t ) for the sem. infinite RC line under infinite ramp input can be derived as [ 1413 (3: Then, the time-domain response for the incident diffusion compo nentvl(x, t ) with a finite ramp input can be written in terms of the infinitt ramp r e~p o n s e :~ 'We can also compute the response for ramp input by using the transfer function of t hm 
Finite RC Line Analysis
The voltage at the front end of the line (Le, at A) is where Ts(s) = is the reflection coefficient at the source. For a general finite RC line with source and load impedance as shown in Figure 4 , the incident propagation of voltage in the transform domain is
The total voltage for a finite line (Figure 4) is the summation of the incident diffusion component and reflected di%sion components that arise at the source (S) and load (L) discontinuities. In other words, the timedomain expansion for total voltage is v~~~( x , t ) = q(x, t) + CLl VR, (x, t ) wherevI(x, t) E voltage due to the incidentdiffusion andvR, (x, t ) G voltage due to the ith reflection.6 (In our notation, Ri refers to the ith rejected difision starting from either the source or the load discontinuity; i basically represents the number of trips up and down the line.) In general, VR, (x, t ) can be calculated through convolution of the reflected diffusion (taking into account position displacement) with the reflection coefficients rs(t) or r&). 
V T c f ( X , S ) = V T ( X , S ) + c: , V R , ( X , S

Finite RC: Line with Capacitive Load
A finite distributed RC line of length h with capacitive load C, at the end of the line is shown in Figure 6 . Recall from Equation (6) that the total response on the line is obtained by summing an infinite series of diffusion components due to reflections at the load and source. We now review the calculation of up to the first four reflected components (some details must be omitted for space reasons). If desired (e.g., for larger loads than those we consider), more reflection components can be calculated using methods given in Section 6. Incident Diffusion. The first component of the total response is the incident diffusion voltage, derived in Equations (3) obtained from Equation (6):
The infinite ramp input response is where b = ?a, To compute the time-domain response we express the response in the transform domain in the form of y. Let
The response in the transform domain can be expressed as
The inverse transform of UR] ( x , s) can be computed by inverting each term of the above equation using the identity [ 13, 141
Thus, the time-domain response for the first reflected diffusion is (7) For a finite ramp input the time-domain response is given by
Second Reflection.
fusion component due to the source discontinuity with rs(s) = 
Third Reflection. sion component is
In the transform domain, the third reflected diffu-
Considering the function where b = pa. The infinite ramp response is The inverse transform of U R~ (x, s) can be computed by inverting eaclterm of the above equation; the inverse transform of the first four terms can be obtained from the analysis of the First Reflection above. The time-domain expression for the last term can be calculated by considering the function F4(s) = ,+e-bs
. The time-domain response for the third reflected diffusion for an infinite ramp is
The finite ramp time-domain response is V R , (x, t ) = U R~ (x, t)-UR? (x, t -T R ) . = U R~( X , t ) -U R~ ( x , t -TR). If we approximate the total response for infinite ramp input by considering only up to these first four reflections, and the total response for the finite ramp input is
We call the approximation of Equation (9) the Diff4 model. Table 1 compares Diff4 delay estimates at different threshold values for a wide range of capacitive loads, versus the SPICE URC (Uniform Distributed RC) model. The delay estimates using our new diffusion equation approach are very close to the SPICE-computed delays, even though only four reflections are considered. Figure 7 gives a comparison of the voltage response between SPICE and the Diff4 model for the case of load factor % = 1.0.
Generali2:ation of the Reflected Component Computation
While the previous section gave analytical expressions for the first four reflection components, we now discuss methods to compute higher-order components of the infinite ramp response; from these, the components of the finite ramp response easily follow, In general, the (infinite or finite) ramp response in the transform domain is a function of reflection coefficients and the incident voltage. From Equation ( 
A Numerical Integration Approach
Here and in the next subsection, we consider the time-domain expression for the 2n'" source reflection component (the (2n -l ) r h load reflection component is analogous). Assuming resistive source and caDacitive load impedances, the reflection coefficients can be represented The response in the time domain for this reflected component can be evaluated by expressing U, , in the form 9 and applying the identity in Equation (7) The inverse transform for UR& (x, s) can now be obtained by taking inverse transforms separately for each term in the above expression. The time-domain expression for the 2nth reflection component can be obtained in the form of recursive error functions as [14] which can be evaluatedusing the recursive expression for the error function [5, 141, i.e., 1 erfC(,)(z)
= -k f c ( n -l ) ( z ) + --erfc(,-2)(Z) 2n
Thus, the time-domain response for the finite ramp input can be obtained as VRZ, (X, t ) = URL, (X, t ) -U R h (x, t -TR).
Conclusions
We have analyzed finite distributed RC lines under ramp input via a new technique based on solving the diffusion equation and using reflected diffusion components to account for reflections at the source and load end of the line. Our general and, in the limit, exact approach computes the time-domain response for finite RC lines under ramp input by summing distinct diffusions starting at either end of the line. We then derived the time-domain voltage response for various configurationsof the RC line. To the best of our knowledge, these results are completely new;
there is no previous literature on this subject. Delay estimates using our new approach (the Diff4 model incorporating up to the first four reflection components) are very close to SPICE-computed (URC model) delays. Finally, we present two methodologies, including a general recursive equation, for computing the higher-order diffusion components due to reflections at either the source or load end. Ongoing work extends this approach to response computations in arbitrary interconnection trees by modeling both reflection and transmission coefficients at discontinuities, e.g., we might derive the input ramp for each interconnect from the response at the end of the previous (upstream) interconnect.
